Abstract. Let D be the ring of Grothendieck differential operators of the ring R of polynomials in d ě 3 variables with coefficients in a perfect field of positive characteristic p. We compute the D-module length of the first local cohomology module H 1 f pRq of R with respect to an irreducible polynomial f with an isolated singularity, for p large enough. The expression we give is in terms of the Frobenius action on the top coherent cohomology of the structure sheaf of the exceptional divisor of a resolution of the singularity. Our proof rests on a tight closure computation due to Hara. Since the above length is quite different from that of the corresponding local cohomology module in characteristic zero, we also consider a characteristic zero D-module whose length is expected to equal that above, for ordinary primes.
Introduction
In this note, we compute the positive characteristic D-module length of the first local cohomology module of the structure sheaf with support in a hypersurface, in a large class of examples. Our main result can also be seen as part of our study of the b-function in positive characteristic, see [2] . On the one hand, in [2] using D-module (or unit Fmodule) techniques, for D the ring of Grothendieck differential operators, we associate to a non-constant polynomial f with coefficients in a perfect field of positive characteristic a set of p-adic integers, called the roots of the b-function of f. On the other, one may consider the F -jumping exponents of the generalised test ideals of f, see [12] . These are positive real numbers which are characterised by their intersection with the unit interval p0, 1s and have been shown to be rational numbers in [7] . In [2] we prove that the roots of the b-function of f are exactly the opposites of the F -jumping exponents of f which are in Q X Z p . It would thus seem that the information provided by the F -jumping exponents of f which are not in Q X Z p , i.e. whose denominator is divisible by p, let us call them irregular, is lost in the theory. A consequence of the results presented here is that not all the information is lost. Namely the absence of irregular F -jumping exponents is well-known to be closely related to phenomena of ordinarity, see [17] . We claim that at the very least the D-module (or unit F -module) length of the module N f used to define the b-function in [2] distinguishes ordinary primes from supersingular ones, for large enough primes. More precisely, using the terminology of [2] , one can see that the joint eigenspace of the action of the higher Euler operators on N f corresponding to the root -1 of the b-function of f is isomorphic to the first local cohomology module H 1 f pRq, where R is the ring of polynomials. For a d-dimensional proper variety Z over a field of characteristic p ą 0, we let the p-genus g p pZq of Z be the dimension of the stable part [13] 
where F is the Frobenius action on coherent cohomology and k is an algebraic closure of the base field. Our main result is (see Theorem 1 for the precise general formulation):
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Theorem. Suppose that f is an irreducible complex polynomial in n ě 3 variables with an isolated singularity at the origin and let Y π Ý Ñ X be a resolution of the singularity. Then for almost all p, the D-module length of H 1 fp pRq is 1`g p pZ p q, where Z p is the reduction modulo p of the exceptional fiber of π.
The proof, which mostly belongs to the theory of unit F -modules, uses Blickle's intersection homology D-module [6] and Lyubeznik's enhancement of Matlis duality [16] to reduce the main unit F -module length computation to a geometric description of the tight closure of 0 in the local cohomology of the singularity, due to Hara [11] . One then deduces the D-module length from Blickle's length comparison result [5] and an application of Haastert's positive characteristic Kashiwara's equivalence [10] .
We note that in characteristic zero, the D-module length of the first local cohomology module is of a quite different nature. It actually is a topological invariant. For example, let f be a rational cubic in three variables which is the equation of an elliptic curve E in P 2 Q , of genus g " 1. Let R C be the ring of complex polynomials in 3 variables and for all primes p, let R p be the ring of F p -polynomials in 3 variables. Then the D-module length of the local cohomology module H 1 f pR C q is 3 " 1`2g, see e.g. [ is studied in detail in [3] . (See also [18] for a different approach.) 1.1. Acknowledgements. It is my pleasure to thank Manuel Blickle and Gennady Lyubeznik for interesting correspondence regarding the length of the positive characteristic first local cohomology module in the homogeneous case. I am also very grateful to Karl Schwede for explaining me a proof of Lemma 1. The author was supported by EPSRC grant EP/L005190/1.
1.2.
Notations. Throughout the note we will use the following notations: For an integer n ě 2 and all fields K, we let R K be the ring of polynomials in n`1 variables tx 0 , . . . , x n u with coefficients in K and D R K be the ring of Grothendieck differential operators on A n`1 K . Let k be a perfect field of positive characteristic p, we set D " D R k . If A is a k-algebra, we denote by ArF s the twisted polynomial ring over A whose multiplication is defined by F a " a p F, for all a in A.
Length of the first local cohomology in positive characteristic
We first recall some definitions. The purpose of this note is to give an expression for the length of H 1 f pR k q, when f has an isolated singularity. It will be in terms of the quasilength of a certain F -module. We now recall the definitions from [16, Section 4]. Definition 2. Let A be a local Noetherian k-algebra of Frobenius endomorphism F and let M be a left ArF s-module.
‚ M˚:" X ně0 F n M, where F n M is the A-submodule of M generated by the image To state our main result, we need to introduce the following notations: Let L be a field of characteristic 0 and let g be a non-constant polynomial in n`1 variables tx 0 , . . . , x n u, with coefficients in L. Let pA, mq be the local ring of the zero-locus of g at a singular point z. Let us fix a resolution X π Ý Ñ Z " SpecpAq of the singularity z and let Y be the fiber of π at z. Definition 4. Let B Ă L be a finitely generated subring, containing 1. We say that B is a ring of definition of π if the coefficients of g are contained in B and there is a resolution of singularities of B-schemes X B π B ÝÑ Z B whose base-change L b F racpBq π B is isomorphic to π.
For each closed point u of SpecpBq, we let X u πu Ý Ñ Z u (resp. g u , resp. Y u ) be the fiber of π B (resp. g, resp. Y ) over kpuq. Finally, we consider the coherent cohomology groups
ArF s-modules (resp. kpuqrF s-modules) for the action of the Frobenius endomorphism on the cohomology. Here is our main result: Theorem 1. Suppose that n ě 2 and that g is absolutely irreducible with an isolated singularity at the origin. Then there is a ring of definition B Ă L of π such that, for all closed points u of SpecpBq : (a) the unit F -module length of the first local cohomology group
where kpuq is any algebraic closure of kpuq and p´q˚is the operation on kpuqrF smodules from Definition 2.
Proof. By Ostrowski's Theorem, see [9, Lemma 11] for a quick proof, there is a definition ring B 1 of π such that, for all closed points u of SpecpB 1 q, g u is absolutely irreducible. For every closed point u of SpecpB 1 q, we will use the following notation: pA u , m u q is the local ring of the singularity, pR 0 , mq :" ppR kpupx 0 ,...,xnq , px 0 , . . . , x n qpR kpupx 0 ,...,xnand pR 0 , mq :" ppR kpupx 0 ,...,xnq , px 0 , . . . , x n qpR kpupx 0 ,...,xnq q. We denote their completion with respect to their maximal ideal by p p A 0 , x m 0 q, p p R 0 , p mq and p x R 0 , p mq, respectively. We have a short exact sequence of both D kpuq -and unit F -modules:
where L is the intersection homology module LpA n`1 kpuq , tg u " 0uq of [6] and K is supported at the origin. Tensoring with the completion p R 0 of the local ring at the origin, we get a short exact sequence:
, p R 0 q and 
q is equal to qlp0Hn m pAuq q. Finally, since A is an isolated singularity and n ě 2, it is normal. Hence by [11, Theorem 4.7] , there exists a ring of definition B Ą B
1 of π such that SpecpBq Ă SpecpB 1 q is a dense open subset and, for all closed points u of SpecpBq, 0Hn
. This concludes the proof of (a). We now prove (b). From (1), we deduce the short exact sequence
Therefore, tensoring with the completion x R 0 of R 0 , we also have the short exact sequence Proof. Let us show that mM Ă M nil . This implies the lemma since qlpM nil q " 0.
Since M is supported at m and is Noetherian, m l M " 0 for some l ě 0. Thus F r pmMq Ă m p r M " 0 for some r ě 0. Hence mM Ă M nil , as claimed.
If g is homogeneous, Theorem 1 may be rephrased without mentioning a resolution of the singularity. Let Y be the hypersurface of the zeros of g in P n . We first fix the notation. 
kpuq is any algebraic closure of kpuq and p´q˚is the operation on kpuqrF s-modules from Definition 2.
Proof. It is well-known that in this case the blow-up of the origin is a resolution π 1 of the singularity and that the fiber at the origin is isomorphic to Y. The result then immediately follows from Theorem 1 applied to π 1 .
Thus the D k -module length of the first local cohomology is closely related to ordinarity. Here is a simple example: Example 1. Let g be a rational cubic in three variables which is the equation of an elliptic curve E in P 2 Q . Then, for almost all primes p, the D R Fp -module length of H 1 gp pR Fp q is 2 if E p is ordinary and 1 if E p is supersingular, where E p (resp. g p ) is the reduction of E (resp. g) modulo p.
Comparison with characteristic zero
Here, given a complex polynomial g, we consider a holonomic D R C -module N g whose length compares well to the D kpuq -module length of H 1 gu pR kpuq q. We set D " D R C . Definition 6. Let g P R C be a complex polynomial. Then N g is the left D-submodule of the first local cohomology D-module H 1 g pR C q generated by the class of Theorem 2. Let g be a non-constant homogeneous complex polynomial in n`1 variables with an isolated singularity at the origin. Then, using the notations of Corollary 1, the We would like to put forward the following questions: Question 1. Let g be a non-constant complex polynomial in n`1 variables. Is there a unitary finitely generated subring B Ă C containing the coefficients of g such that:
(1) for all closed points u P SpecpBq, lg As explained in Remark 2, for g homogeneous with an isolated singularity and n ě 2, the first part of Question 1 has a positive answer. In the same case, the second part has a positive answer as well, if the weak ordinarity conjecture of [17, Conjecture 1.1] is satisfied by Y. We finally note that by Theorem 1, [3, Conjecture 1.4] (which is equivalent to [8, Conjecture 3.8] ) implies a positive answer to the first part of Question 1, for g (not necessarily homogeneous) with an isolated singularity at the origin and n ě 2.
